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Abstract. - We consider a lattice model in which phonons scatter with pairs of electrons. All 
eigenvalues and eigenvectors can be obtained analytically. For a suitable choice of parameters the 
ground state consists of a Fermi sea of non-interacting electrons, with on top a layer of paired 
electrons. The binding energy of the electron pairs is partly cancelled by an increased kinetic 
energy. This results in a gap in the kinetic energy spectrum of the electrons. 



Introduction. — It was recently suggested [T|[2] that 
the binding energy of Cooper pairs is not constant. Break- 
ing one Cooper pair has an effect on all other Cooper pairs, 
due to the Pauli blocking of the composite bosons. In the 
present note we introduce a simple microscopic model in 
which the binding energy of the paired electrons is partly 
cancelled by an increasing kinetic energy, in such a way 
that the effective binding energy is indeed not constant. 

The sole interaction term of the model is of fourth or- 
der in the electron operators and quadratic in the phonon 
operators. This means a scattering between phonons and 
electron pairs. One would expect such a term in the con- 
text of the bipolaronic Hamiltonian [3lll]. But here, the 
term is responsible for the formation of electron pairs, 
rather than modelling interactions between existing pairs. 

The model. — The motion of the electrons is de- 
scribed by the hopping term. In k-space it can be written 
as 
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The coefficients Ak are real and satisfy A_k = Ak and 
Sk -^k = 0. The lattice phonons are also needed with two 
different polarisations. For the sake of convenience they 
are denoted with up and down arrows. Their contribution 
to the Hamiltonian is 
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The operators cj^ -|~, Ck,-t-, cj^. j^, Ck^j, satisfy the canonical 
commutation relations. 
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Introduce pseudospin operators 
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with nk,r = ^k T^k,T- They satisfy the su(2) relations 
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The operator flips a spin current from the direction 
— k into the direction k. 

Introduce also new bosonic operators by 



flk - Ck.tc_k,4,' 



and 



k = C_k,iCk^^. 
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Some care is needed when doing calculations with these 
operators because they do not satisfy the canonical com- 
mutation relations. 

The model Hamiltonian is now 
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Other terms can be added without spoiling the integra- 
bility of the model. However, they are not needed for 
understanding the model. 

Eigenstates. — The interaction term of © involves 
only electrons and phonons with the same or opposite mo- 
mentum. Hence, the determination of eigenstates reduces 
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to an easy problem involving at most 4 electrons. The elec- 
tronic subsystem with momenta ±k has 16 possible states, 
14 of which do not interact with the phonons. The only 
two states that do interact are two-electron states with 
total momentum zero and total spin zero. If the coupling 
constant ^ is large enough then the ground state of this 
two-particle subsystem involves a single phonon, which 
itself is a superposition of two phonons with opposite mo- 
menta and polarisation. This ground state describes an 
electron pair which is kept together by a deformation of 
the lattice. 

Ground state. — For the sake of simplicity the fol- 
lowing argument is made for a one-dimensional model. Let 
us start from the situation in which all states of the free 
electron model are occupied up to the Fermi level. This 
is, nk = 2 if |k| < kp, and = otherwise. Introduce 
the notations Xf = Xkp and /iF = ^J■kf■ Similarly, the 
derivatives are denoted = AJ,^ and fi'p = ^J.^. In the 
following it is assumed that A^ < 0. Make the following 
expansions 

Xk = XF + X'pik - kp) + 0{ik~ kpf) , 

Hk = /iF + Mf(^' - kp) + {{k~ kpf) . (7) 

Take the 4 electrons with k — ±kp and move two of 
them to the pair state at k = i^F, the other two to 
the pair state at k = zt{kp + Sk). Before moving, the 4 
electrons together have the energy — 4Af. After moving, 
the pair at k = ±kp has energy fxp — 2Af — The pair at 
k = ±{kp + Sk) has energy ^p — 2Xp — + {fi'p — 2X'p)Sk. 
The gain in energy is 

2^ - 2/iF - (a^'f - 2X'p)Sk. (8) 

Repeat the operation now removing 4 electrons from the 
free states at k = ±{kp — 5k) and making one pair with 
unchanged momenta, and one pair at k = ±{kp + 25k). 
Now, the gain in energy is only 

2C - 2/iF - (mf " &X'p)5k. (9) 

This procedure is repeated n times, after which no more 
energy can be gained by creating electron pairs. The con- 
dition for n reads 

= 2^ - 2/iF - [Mf - 2(2n - 1)A';.] 5k. (10) 

The ground state has now been obtained. For |k| < fcF — 
n5k all free electron states are occupied. For kp — n5k < 
|k| < kp + n5k the paired states are occupied. The picture 
is not so different from that of a layer of Cooper pairs 
above a quiescent Fermi sea [S]. The main difference is 
that in the present derivation the paired electrons do not 
all have the same energies. See the figure. 

Elementary excitations. — From the above con- 
struction of the ground state it is clear that the excitations, 
lowest in energy, are the collision of two electron pairs, one 
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Fig. 1: Number of electrons as a function of the fc- vector in a 
one-dimensional ground state. 

at ±{kp — {n — l)5k), the other at ±{kp + nSk), and the 
inverse process of 4 electrons at i{kp — n5k) forming two 
electron pairs. During these processes the two electrons of 
one of the pairs lose or gain a momentum of approximately 
2n5k. This means that there is a gap in the spectrum of 
the kinetic energy of the electrons. 

Discussion. — This note explores a novel mechanism 
for electron pair formation due to electron-phonon in- 
teraction. The interaction term is unusual in that it is 
fourth order in the electron operators and quadratic in 
the phonon operators. With a suitable choice of param- 
eters the ground state exists of a non-interacting Fermi 
sea with 4 electrons per pair of wave vectors (k, — k), and 
above this, a region with one electron pair per pair of wave 
vectors (k, — k). This results in a gap in the kinetic energy 
spectrum of the electrons, but not in the spectrum of the 
total Hamiltonian. 

More details about the present model and its extensions 
will be published elsewhere. 
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